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Abstract 

We present a lagrangian formulation for recently-proposed supersym- 
metric Yang-Mills theory in twelve dimensions. The field content of our 
multiplet has an additional auxiliary vector field in the adjoint representa- 
tion. The usual Yang-Mills field strength is modified by a Chern-Simons 
form containing this auxiliary vector field. This formulation needs no 
constraint imposed on the component field from outside, and a constraint 
on the Yang-Mills field is generated as the field equation of the auxil- 
iary vector field. The invariance check of the action is also performed 
without any reference to constraints by hand. Even though the total 
lagrangian takes a simple form, it has several highly non-trivial extra 
symmetries. We couple this twelve- dimensional supersymmetric Yang- 
Mills background to Green-Schwarz superstring, and confirm fermionic 
k -invariance. As another improvement of this theory, we present a set of 
fully Lorentz-covariant and supercovariant field equations with no use of 
null-vectors. This system has an additional scalar field, whose gradient 
plays a role of the null-vector. This system exhibits spontaneous breaking 
of the original Lorentz symmetry 5*0(10,2) for twelve- dimensions down 
to 5*0(9, 1) for ten- dimensions. 



lr This work is supported in part by NSF grant # PHY-93-41926. 



1. Introduction 

The investigation of possible supersymmetric theories in twelve- dimensions (12D) with 
the signature (— , +,•••,+, — )§ beyond 10D is strongly motivated by the recent development 
in F-theory [1][2][3], S-theory [4], or theories with two times [5]. These higher- dimensional 
theories in turn are motivated by M-theory [6] in 11D, namely by the indication that the 
perturbative and non-perturbative states of M-theory may be unified by possible superal- 
gebra in D — (10,2) [7] or D = (11,3) [8]. Considering these recent developments in 
M-theory, F-theory, S-theory and theories in two times, it is imperative to establish first 
the explicit models with supersymmetry in these higher dimensions, that have definite field 
theoretic representations realizing expected algebras. 

Based on this philosophy, we have presented explicit formulations of N — 1 supersym- 
metric Yang-Mills (SYM) theory [9], an N — 1 supergravity theory [10], an N = 2 su- 
pergravity theory [11] in 12D, and also N = 1 SYM theories in arbitrary even dimensions 
beyond 12D [12] as a generalization of the work in 11+3 dimensions [13]. In particular, the 
N — 1 supersymmetric formulation plays an important key role for understanding the basic 
structure of supersymmetry in 12D. The novel feature is a completely new supersymmetry 
algebra in 12D 

involving a null- vector in an unconventional way [4] [9]. This algebra may well be further 
generalized by replacing null- vectors by extra momenta [7] [5] [14] in higher dimensions [12]. 
Furthermore, since N — 1 SYM theory in 10D has no origin in 11D supergravity or M- 
theory [6], our newly developed N — 1 SYM theory in 12D is to be the fundamental theory 
for the 10D SYM theory. From this viewpoint, it is also important to study the consistency 
of SYM theory in 12D with 10D superstring theory. 

Despite of all of these progresses, we still have some unsolved problems related to the 
supersymmetric theories in 12D or beyond [9] [10] [11] [12]. For example, in ref. [9], super- 
symmetry is realized only by Lorentz non-covariant set of field equations, and we have not 
yet discovered any invariant lagrangian formulation for any of these theories in 12D. The 
recent development in M-theory [6] relating itself to matrix theory [15] strongly suggests the 
existence of invariant lagrangian, if 12D theories are more fundamental than 11D or 10D 
theories. A separate problem to be solved is the lack of covariant set of field equations, even 
in the absence of an invariant action. 

In this paper we solve these problems of the lack of lagrangian and covariant field equa- 
tions in 12D SYM theory, by presenting an explicit invariant lagrangian under supersym- 
metry, and a set of Lorentz covariant field equations in component formulation. For the 
lagrangian formulation, the invariance of the action under supersymmetry is confirmed with 



2 This 12D space-time is sometimes denoted by D — (10, 2). 
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no use of constraints on fundamental field. We introduce a new auxiliary vector field that 
gauges the extra symmetry called Q -symmetry in [9]. This auxiliary vector field is intro- 
duced into the field strength of the usual Yang-Mills field as Chern-Simons form. As for the 
above-mentioned consistency between 12D SYM background and superstring, we confirm the 
fermionic K-invariance in Green-Schwarz superstring formulation. We next present a co- 
variant set of field equations at the expense of an invariant lagrangian. We use an additional 
scalar field that is intact under supersymmetry, whose gradient replaces the null-vectors ev- 
erywhere in the formulation. We clarify how this formulation avoids the usual problem with 
the closure of supersymmetry, when a new scalar field is included. 



2. Lagrangian and Invar iances 

We first summarize our results in a compact way, and associated remarks will be given 
later. Our field content is similar to that already given in refs. [9] [12] , with only one additional 
auxiliary vector field C^ 1 in the adjoint representation, namely with the field content 
(A^ 1 , X 1 , C^ 1 ), where we use the indices i, J, ■■■ for the adjoint representation as in [9]. 
Other conventions such as the definition of 713 are the same as in [9], or self-explanatory. 
Our invariant lagrangian Cq under supersymmetry has only two explicit terms: 

Jo = J d 12 xC = J d 12 x [-\{F^f + (AV^AV] • (2-1) 

The covariant derivative has the usual minimal coupling to the gauge field: D^X 1 = 
dfj.X 1 + f IJK A fl J X K with the gauge group structure constants f IJK , and this is common 
to any other (combinations of) fields carrying the adjoint indices. Here the 'modified' field 
strength F M! / has a Chern-Simons form involving the -field: 

F fjj = d,Aj - d„V + f IJK A/A v K - <7/n„ + Cjn^ , (2.2) 

satisfying the Bianchi identity 

D[fj,F \ p -\ = —H^Jrip-] , (2.3) 

with the field strength H^J = D^Cj — D v Cp of C^ 1 with the minimal coupling to 
Ap 1 . Even with the null- vector involved, we regard the -linear terms in the modified field 
strength as a Chern-Simons form, due to the appearance of the field strength H^J in the 
Bianchi identity. This is also related to the extra symmetry of the A^ -field compensated 
by the transformation of the -field, as will be clarified shortly. Note that the -field is 
involved only in the modified field strength, and is not explicit in any other term. 

The supersymmetry transformation rule of our multiplet is! 



3 Even though this multiplet seems different from that in [9] , there is a closer link between them. 
See the paragraph with eq. (2.16). 



6 Q A^ = +{e^i\ I ) , (2.4a) 
SqX 1 = +\i^eF,J , (2.4b) 
SqCJ = -(e 7 /A,A 7 ) . (2.4c) 

As usual n p and are null-vectors with non-zero components only for the extra coordi- 
nates, satisfying n^n^ = 0, m^m p = 0, n^m p = +1, n + = m + = +1, n_ = m~ = [9] [10], 
and i/i = j^n^, rfi = 7 M m /J . The supersymmetric invariance of our action (2.1) is easily 
confirmed, by the aid of the l.h.s. of the following field equations,! obtained respectively by 
varying the action with respect to A^, A and C p : 

D u F^ vI + f IJK (X J ^ v X K )n u = , (2.5) 

7"^A = ° , (2-6) 
F™V = . (2.7) 



Note that the leading term in (2.5) has no longer the null-vector in this formulation, unlike 
that in ref. [9]. 

The closure of supersymmetry is highly non-trivial. Our result of closure is summarized 

as 

[5Q{ei),5 Q (e 2 )'\=5p + 5 A + 5a + S s + 5 ( + 5 ri , (2.8) 

where 5p is the usual translation with the parameter £^ = (ex 7^ 'e 2 )?v [9], and 6\ is the 
usual Yang- Mills gauge transformation with the parameter A 1 , while 5q, <5e, 5$, 5 V are 
extra symmetries that are inherent in our system, similarly to refs. [9] [12]. They are highly 
non-trivial symmetries dictated by 

faV = V^ > S n F^ = , (2.9a) 
5 n C/ = D,Q I , (2.9b) 

5 E C/ = n M S J , 5 E iV = , (2.10) 

*c<V = -y iJK (( pu \ P / K n„ + (»A upJK n p ) , 

<5 C A 7 = -|C^(7pm^AV + V) , (2.11) 

V = -^ [6] 7^7 [6] ^AV , (2.12) 



4 To avoid misunderstanding, note that we use only the 'l.h.s.' of these equations for taking 
variations, but not the field equations themselves! If the field equations were used in invariance 
check, any lagrangian would be trivially invariant, as is well-known in field theory 
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where the infinitesimal arbitrary parameters Cl 1 and T, 1 are local, while and are 

global.! We use the universal convention X pu IJ = (X Ir y^ u X J ), X^ IJ = (^ / ^[6]^ J ) m ^is 
paper. Also used is the shorthand notation [>], denoting n-th rank totally antisymmetric 

indices. Eq. (2.9b) implies that is the gauge field for the Q -symmetry. In the 
commutator algebra (2.8) these parameters are found to be 

A J = -eV , (2.13a) 

fi' = -|C M1/ iV , (2.13b) 

S 7 = -\C p °H p J + y IJK ^{\ J lpa X K ) - ^/ /J V 6] A [6] J * , (2.13c) 

C /^ = (g l7 ^ e2 ) ; ^[6] = ( El7 [6] e2 ) . ( 2.i3d) 



The closure confirmation is straightforward, once we understand the result (2.8) - (2.13) 
showing how these extra symmetries are involved. Another crucial non-trivial confirmation 
is the invariance of our lagrangian (action) of (2.1) under the extra symmetries, in particular 
5$ and S v . Here we give some crucial relationships we used in the confirmations. In the 
8$ -invariance we use the crucial identity: 

(D^Y^DA 1 ) = ^^(AV^)^ , (2.14) 

up to a total divergence. In the 8 V -invariance, we use the important feature that any product 
of self-dual and anti-self-dual six-th rank tensors in 12D vanishes:! 

S w A^=0 , (2.15) 

where = +(l/6\)e^-.^ S^ e y and A[ 6 ] = — (l/6!)e.- 6 -, ^ 6 ^'A[ 6 ]/. Using this, we see for 
example that rj^ 6 ^ (X J/ y P/ y^ 6 ^ / y a 'X K ) = 0, because is anti-self-dual, while the remainder 

is self-dual with respect to the indices [ 6 j. 

Note that our lagrangian is actually invariant under these highly non-trivial extra symme- 
tries, as well as supersymmetry, despite of the simplicity of its structure. This feature of extra 
symmetries is in a sense similar to those in Chern-Simons theories in 3D [17], where many 
such extra symmetries of the lagrangian show up in the commutator algebra of supersym- 
metries, which are sometimes implicit and easily overlooked in ordinary non-supersymmetric 
theories. 

There are other remarks associated with our result. We first elucidate the relationship 
of the present multiplet with the original one in [9] [12], which has not been clear so far. 
In refs. [9] [12], the supersymmetry transformation rule for a vector multiplet (A^ 1 , X 1 ) in 

5 The particular coefficients, such as 3/(16 ■ 6!) is for normalizations complying with the closure 
of algebra (2.8). 

6 This situation is opposite to, e.g., 6D case [16], where we have S'^jS't 3 ] = 0, ^4[ 3 ]Af 3 ] = 0, 
instead. 
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D = (10, 2) [9] is given by 



5 Q A^ = +(e^\ I ) , 

= +\l t * vp eF ilv I n p = +\i (fV) » ( 2 - 16 ) 

where the null-vector appears in the gaugino transformation rule. As shrewd readers may 
have already noticed, we can rewrite the second line as SqX 1 = |^7 M1 " ' F^ 1 , under our extra 
constraint F^ u I n u = [9] . This suggests an an alternative expression of this multiplet using 
the new field x such that A = i/ix- In other words, we have an alternative SYM multiplet 

SqA, 1 = +(e lll i\ I ) , (2.17a) 

igA^+lfcV • (2.17b) 

Here we used the same symbol A for the gaugino field instead of Xi once the above- 
mentioned replacement of A by x was niade. Note here that the new gaugino field in 
(2.17) is unconstrained and it needs no extra constraint such as i/iX 1 = 0, as opposed to the 
case of (2.16) [9]. This transformation rule (2.16) is prototype of (2.4a) and (2.4b), before 
the auxiliary field C M is introduced. 

We mention an interesting fact that the kinetic operator for the gaugino in our lagrangian 
(2.1) is nothing else than a 'generalized' Dirac operator in exactly the same form as the 
r.h.s. of our supersymmetry algebra (1.1). This indicates that the present formulation is 
more natural than the previous one in [9], due to the generalized Dirac operator in the 
gaugino kinetic term. 

We next study the physical degrees of freedom for our gaugino field which seem non- 
trivial. This is because our A has no such a constraint as iji A = as opposed to that in 
ref. [9]. However, we can understand that the actual physical degrees of freedom of A is 
reduced into the half of its original value as a Majorana-Weyl spinor, by considering the 
following extra symmetry: 

5 a X I = P^a I , (n"D M a J = 0) . (2.18) 

which can be easily shown to leave our action (2.1) invariant. The condition in the parenthe- 
ses is analogous to eq. (12) in ref. [9]. The significance of this symmetry is rather transparent. 
First, notice that Pj = 2~ l r/irfi is the same projection operator defined in [10]. Therefore 
eq. (2.18) implies that half of the original degrees of freedom of A in the direction of 
Pj = 2~ 1 rfii/i are 'gauge' degrees of freedom, which are definitely non-physical. Hence the 
original 2 12 / 2 ~ 1 ~ 1 = 16 on-shell degrees of freedom as a Majorana-Weyl spinor are reduced 
to be at most 8, in agreement with the conventional 10D SYM theory. As for the field C M , 
its role is clear as an auxiliary field due to the lack of its kinetic term, while the field equation 
(2.7) deletes one of the extra components in the field strength: P M _ = in the notation 
in [10]. Note also that this system is not quite reduced to 10D SYM theory, because of the 
remaining extra components such as P M+ which are still no n- vanishing. In this sense, our 
system is different from a rewriting of 10D SYM, or the latter in 'disguise'. 
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We mention one important feature related to our -field. Note that the variation of 
C^n^ under supersymmetry vanishes on-shell by the use of A -field equation, as seen from 
(2.6) and (2.4c). Due to this feature, we can add the action 

/' = Jd 12 xC' = J d 12 x [|L(C;V) 2 ] (2.19) 

to I Q , with a new auxiliary field L intact under supersymmetry, while adding a new term 
proportional to this L in 5q\: 

SqX 1 = +|7^eiV - ±eL(C/n") . (2.20) 

The invariance of our total action I + /' under supersymmetry can be easily confirmed: 
The variation of C under supersymmetry is only from Sq^^u^) proportional both to 
the l.h.s. of A -field equation and C^n^, which in turn is cancelled by the above additional 
term in SqX. Also to be mentioned is invariances under other extra symmetries. First, 
I' is invariant under 5q, when the parameter Q satisfies n^D^Q 1 = 0. The invariance 
of I' under 5% is trivial, while the invariances under 8^ and 5 V are less trivial, but 
straightforward. Finally, the L -field equation yields the new field equation 

C;V = , (2.21) 

as long as the Yang-Mills gauge group is compact, while the field equations (2.5) - (2.7) for 
the previous set of fields are intact, because the only possible new contributions from CJ are 
vanishing due to (2.21). Since the L-field is non-physical and completely decouples from all 
the field equations, the invariance of L under supersymmetry does not pose any problem. 



3. Green-Schwarz Superstring on SYM 

Once the SYM theory in 12D is established, next natural question is whether it can 
couple consistency to superstring. In this paper we confirm such consistency by studying 
the fermionic K -invariance for the action for Green-Schwarz superstring on the 12D SYM 
background, but with no supergravity background, i.e., on flat superspace. 

We start with the arrangement of superspace constraints necessary for our fermionic 
K -invariance of our Green-Schwarz superstring action. The only relevant ones are of dimen- 
sionalities d < 1/2, which are 

Tafi e = (l cd ) ap n d + (P T - n) Q/3 n c = Gap , (3.1a) 
F ab rs = -(l b l c )JV S n c ■ (3.1b) 

We do not take into account the constrains associated with N — 1 supergravity such as T a/ 3 7 , 
because we deal only with flat superspace backgrounds. Since the Green-Schwarz formulation 
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is based on target superspace, we use the index convention for the local Lorentz indices in 
superspace a, b, such as a, &, ••■ denote the local bosonic coordinates, while «, p, ■■■ for lo- 
cal undotted fermionic coordinates in the 12D superspace. The indices r, s, ■■■ = 1, 2, 32 are 
for the vectorial representation 32 for the gauge group 5*0(32) chosen for anomaly cancel- 
lation. Accordingly we use the same indices for the field strength superfield Fab ts instead 
of Fab 1 in this section. Eq. (3.1a) is the same as in [10], while (3.1b) is derived from 
component transformation (2.17a) by the universal technique in [18]. 

We next summarize our result for the total action S, which consists of four parts, namely 
in addition to the three parts S a , Sb and Sa in [10], we have an action Sy for unidexterous 
Majorana-Weyl fermions \l/ r , similarly to 10D case [19]: 



S = S a + Sb + Sa + Sy 



d 2 a 
d 2 a 



y-VJVnJ 



V-'U^UJBba 



S A = J d 2 a [v~ 1 A ++ (U = a n a )(U = b m b ) + V^A^ |(n = %J 2 + (n = a m a ) 2 } ] 



Sy = / d 2 a 



v-^ r + v = 



3 n)] 



(3.2) 
(3.3) 

(3.4) 

(3.5) 

(3.6) 



Here det(V^) is the determinant of the 2D zweibein where the indices i, j, ■■■ = 0, 1 are 
for the curved 2D coordinates a 1 , while (?), (j), ■■■ = ^, = are for the local Lorentz frames in 
2D. The reason we need the 'doubled' ^ or = signs is to comply with the Lorentz charge 
for our fermion W + carrying only one + . As is always the case in 2D, the sum of +'s 
and -'s within a lagrangian is supposed to cancel, as an equivalent statement to Lorentz 
invariance. Other notations are usual, such as Ui A = (diZ M )E M A with 12D superspace 
coordinates Z M and inverse vielbein E M A used for 'pull-backs'. 

We can show the invariance of this total action under the following fermionic /t-symmetry, 
in a way similar to the proof given in [10]: 



5^ = , 5 K (V- 1 ) = , 5 K E~' = 5 K E a = , 



5 K A ++ = -2 (k + ^II + ) , <^A ++ =0 



+ > 



S K ^ r + = -{5 K E a )AJ s mt 
5 K A B rs = (6 K &)E y M d M A B ri 



(3.7a) 

(3.7b) 

(3.7c) 

(3.7d) 
(3.7e) 
(3.7f) 



where we use essentially the same notation as in [10], except those terms with new fermions 

We now confirm the /t -invariance of the total action. First of all, we do not repeat those 
cancellations described in [10] before adding our fermions fy r . The only important new 
contributions are from the variation of Sq, and the new ^/-dependent term in 5 K V+ i . As 
in the case of 10D Green-Schwarz superstring [19], we can see that these two contributions 
cancel each other. To be more specific, the former is arranged as 

5 K S* = +(5 K E c )U + B F BC rs (^ s + ) 

= -|(^ = ^) 7 n = 6 ( 767 c A-) 7 (^;)n c 

= -l(K^\ rs )U^U =a (^ + n) > (3-8) 
while the latter is from the new term in 5 K V^. i in 5 K S a : 

<^lnew =+(<W)lnew^n = <TI = a 

= + 1 -(K^\ rs )U = a U =a (^ s + ) . (3.9) 

Thus we can get the cancellation 5 K (S a +Sy) = 0, and therefore the total invariance S K S = 0. 

This concludes the confirmation of fermionic k -invariance of our total action in the 
Green-Schwarz superstring, on our newly developed SYM background in 12D. 



4. Lorentz Covariant Field Equations 

We have so far established an invariant lagrangian under supersymmetry. However, this 
lagrangian is not 'fully' invariant under Lorentz symmetry in the 12D, due to the usage of 
null-vectors. We now address our question of Lorentz covariance of our model, by trying 
to recover the Lorentz symmetry as much as possible, by giving up now the super-invariant 
lagrangian. The formulation in ref. [9] had neither super-invariant lagrangian nor super- 
invariant action, but now what we try to present is the set of Lorentz covariant field equations 
in 12D with supersymmetry. 

We first give up the super-invariant lagrangian (2.1), keeping only the result for field 
equations (2.5) - (2.7). We next try to replace our null-vector n M by something 'covariant'. 
If we replace it simply by a vector B^, then we have to fix its transformation under super- 
symmetry, as usual in conventional supersymmetric theories. This is rather difficult, because 
we have to accomplish the closure of supersymmetry, which seems non-trivial. In our 12D, 
however, there is one way to circumvent this difficulty Recall the particular form of our 
12D algebra of supersymmetry (1.1) with the null- vector n M , and also the idea in ref. [14] of 
identifying with a momentum of a second particle. This idea suggests another option 
of replacing the null-vector with a gradient of some scalar field: = d^ip, now without 
introducing a 'second particle' or non-locality [14] [7]. Introduction of such a new field usually 
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poses a problem with closure of supersymmetry. However, this system cleverly avoids this 
problem, because even if this scalar ip does not transform under supersymmetry 5q<p = 0, 
the closure on <p is consistent, due to the relation 

[8 Q (e 1 ),8 Q fa)'\<P= [(ei-r^X&vO] (d^) = (4.1) 

identically vanishing, thanks to the same gradient d^ip used both for the translation of 
if itself and the null-vector! 

Note that the scalar field tp, which is intact under supersymmetry, can still depend on 
the space-time coordinates in 12D. Recall that we can not use a similar trick in conventional 
super symmetric theories. This is because any coordinate-dependent field should transform 
under supersymmetry, in order to avoid the absurdity that the commutator of two super- 
symmetry yielding a translation operator should not be vanishing, while the commutator 
vanishes on the field by assumption. 

Using this crucial point in mind, we replace all of our null-vectors in our field equations 
(2.5) - (2.7) with the gradient as = d^(p everywhere in there. We thus get the set of 
field equations for our field content (A^ , A 7 , C M 7 , </?) 

DyF^ 1 - f IJK {\ J ^\ K ){d v <p) =0 , (4.2) 
( 7 ^A 7 )(<9^) = , (4.3) 
fV'^V) = , (4.4) 

where the modified field strength has also the gradient term: 

iV = d,Aj - cl V + f IJK A/A u K - Cjd,,? + C%<p , (4.5) 

together with the field equations for ip: 

0^ = , (4.6) 

(W = , (4.7) 

where (4.6) guarantees the constancy of d^tp, while (4.7) guarantees the null-ness of d^ip. A 
solution for tp(x) to these two equations, is fixed to be <p(x) = a + n^x^ with linear depen- 
dence on the extra coordinates x 11 and x 12 , making the identification = d^ip possible, 
up to some non-essential overall constant a. As has been mentioned, these field equations 
can be shown to be consistent with the supersymmetry transformation rule 

<W = +&rf* I )(dv<p) , (4.8a) 

SqX 1 = + 1 l Y v eF flu I , (4.8b) 

a Q C/ = -(e 7 /A,A J ) , (4.8c) 

= . (4.8d) 
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Accordingly, the closure of supersymmetry is guaranteed even with (4.8d) or equivalently 
SQ^dptp) = 0. All of the equations (4.2) - (4.8) are now manifestly 50(10, 2) covariant, as 
they stand. 

We stress that the consistency we have realized in our system is simply due to the 
particular algebra (1.1), together with the scalar field p intact under supersymmetry. As 
for the final 'breaking' of Lorentz covariance upon the choice of a solution ip = a + n^x^ 1 , 
we interpret this as a kind of 'spontaneous breaking' of Lorentz covariance in 12D. In fact, 
there is no explicit breaking of Lorentz symmetry SO(10,2) for the field equations (4.2) - 
(4.7), while such breaking is caused only by an explicit non-trivial solution for ip. In this 
sense, we can regard this mechanism as 'spontaneous breaking' of the Lorentz symmetry 
50(10,2) down to 50(9,1). 

Another way to look at the consistency of the solution p = a + n^x^ 1 is to consider 
the Sq -variation of this solution. Due to our algebra (1.1), the 5q -transformation of the 
coordinates is Sqx^ = {e^ v ff)n v [14], therefore 

5 Q p = 5 Q (a + n^) = n M [ (e 7 ^H ] = (4.9) 

vanishes consistently with (4.8d). 

We have also tried to obtain a fully invariant lagrangian that can yield the above set 
of field equations, but so far we have not reached any consistent lagrangian. For example, 
just replacing by d^p in (2.1) does not lead to an totally invariant action. The main 
problem seems to arise to get the field equation (4.6) with an appropriate lagrange multiplier 
with a right supersymmetry transformation.! At the present time we do not know, if there 
is to be an invariant lagrangian for the above set of fully covariant field equations. 



5. Concluding Remarks 

In this paper, we have solved the puzzle about the lack of invariant lagrangian for the 
SYM theory in 12D, which has been lurking since the first establishment of the theory 
[9]. We have given an explicit lagrangian formulation for the 12D SYM theory for the first 
time. It has a modified field strength with the Chern-Simons form in terms of the new but 
auxiliary vector field O m gauging the extra Q -symmetry. We saw that the multiplet we 
use do not need any constraint from outside by hand, but is generated automatically as the 
field equation of the O m -field. We found that there are several non-trivial extra symmetries 
inherent in the system, despite of the simplicity of our lagrangian. 

In the original work of N = 1 supergravity in 12D [10], addressing the issue of the lack of 
invariant lagrangian, we took a standpoint that the Green-Schwarz superstring formulation 
given there will provide an action principle at the level of world-sheet physics. However, the 
importance of lagrangian formulation within the target space-time is to be stressed, due to 



7 Needless to say, the right supersymmetry transformation rule should be closed on-shell. 
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the enormous advantage of invariant lagrangian with action principle. As a matter of fact, 
according to the recent development in M-theory related to matrix theories [15], it seems 
imperative to establish an lagrangian formulation for these higher-dimensional supergravities 
in 12D or beyond. This is because such a lagrangian formulation is expected to play a key 
role to establish the relationship to matrix theories in lower dimensions [15]. In this sense, 
we imagine the significance of the results given in this paper for any future studies based on 
higher-dimensional supersymmetry/supergravity theories. 

In the initial work on SYM theory in 12D [9], the origin of the local extra f2 -symmetry 
was was not clear, but now with the vector field C M gauging this local symmetry, we have 
more natural construction of the whole theory. We emphasize that this type of Chern-Simons 
form has never been presented for supersymmetric theories in the past to our knowledge. It 
may well be that even other extra symmetries such as 5^ or 5 V for our action have their 
proper gauge fields, that can also simplify the non-linear transformation structure in the 
closure of gauge algebra. Even though it should be straightforward, the generalization to 
higher-dimensional SYM theories [12] might be in practice cumbersome to handle, because 
of the expected huge set of extra symmetries inherent in the system. 

In section 4, we have presented a new manifestly .SO (10, 2) covariant set of field equa- 
tions with no explicit use of a null-vector, introducing the new scalar field <p. Even though 
this scalar field is intact under supersymmetry, while maintaining its non-trivial coordinate 
dependence, we have shown how the system avoids the usual problem of closure of super- 
symmetry. All of our field equations are also manifestly local, with no multi-locality [7] [14]. 
This system realizes what we call 'spontaneous breaking' of Lorentz symmetry, i.e., all the 
field equations are manifestly covariant both under Lorentz symmetry in 12D and supersym- 
metry, while the particular choice of solutions breaks the Lorentz covariance. We can call 
this mechanism also 'on-shell breaking of the Lorentz symmetry 5*0(10, 2)', 'spontaneous 
dimensional reduction', or 'null- vector reduction' which was predicted vaguely in ref. [1]. 
To our knowledge, there have been no other explicit examples of this sort in the past, and 
the 12D supersymmetric models and F-theory strongly motivated such a model of Lorentz 
symmetry breaking. It is interesting that the introduction of a scalar field whose gradient 
replacing the null- vector is realized consistently by the particular algebra of supersymmetry 
(1.1) in 12D. 

Even though we have not yet succeeded in fixing a fully invariant lagrangian both un- 
der supersymmetry and 12D Lorentz transformation, we emphasize that the results above 
as well as other series of new results [9] [10] [11] [12] are strongly suggestive that there are 
something deeper underlying our SYM models in generally higher dimensions, which are yet 
to be explored. For example, even though we did not perform explicitly, application of this 
technique using scalars for null-vectors to further higher-dimensional SYM theories treated 
in [12] is also straightforward. 

In this paper, we also confirmed is the fermionic K-invraiance of the total action for 
Green-Schwarz superstring, that can provide supporting evidence of the consistency of our 
12D SYM backgrounds coupled to superstring. We mention that this /t-invariance is also 
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consistent with the formulation in section 4 with the introduction of two new scalar super- 
fields ip, <p, whose gradients replace the two independent null-vectors: n a = V a <^, m a = 

We stress the difference of our theory from 10D SYM theory, due to the extra components 
as well as extra coordinate dependence of the Yang-Mills field . The constraint F flu I n u = 
does not delete all the extra components, but there remains the non-vanishing component 
^ 0. Even though the derivative n^D^FpJ = D-FpJ = vanishes due to the Bianchi 
identity and the constraint F ^ u I n u = 0, there is a non-vanishing derivative -D+F p( / ^ 0, 
implying the non-trivial dependence of F pa l on the extra coordinate X~ . Additionally, 
as the inequalities Il_|_ a n a ^ 0, Yl^. a m a ^ in our Green-Schwarz formulation indicate, 
the existence of string variables X ± {a) in the extra dimensions depending on one of the 
world-sheet coordinate cr+ also provides supporting evidence for the non-triviality of our 
12D SYM theory. 

In this paper we did not deal with the couplings to supergravity in 12D, but our present 
result will provide a powerful working ground for a possible fully invariant lagrangian formu- 
lation as well as 5*0(10, 2) covariant field equations for N = 1 supergravity in the future. 
Studies in this direction as well as other points mentioned above are now under way [20]. 

We are grateful to I. Bars and C. Vafa for important discussions. Special acknowledge- 
ment is due to S.J. Gates, Jr., who stressed the importance of lagrangian formulation. 
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